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We use open-source computer algebra system(CAS) maxima 5.31.2.
The ODES package contains commands that help you work with ordinary
differential equations. List of functions in ODES package:

odecv intfactorl
dchange odeL

odeC odeL ic
solvet fs

odel_ic partsol
ode2 ic odeM

P _iter odeM _ic
odeltaylor matrix_exp
ode2taylor odelinsys

odelexact wronskian
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Function: odecv(tr,eq,y,X)
Makes the change of independed variable in ODE.

(%il) load(odes)$
Examples:
1. X"3y""" + xy" -y =X
(hi2) eq:x"3*"diff(y,x,3)+x*"diff(y,x)-y=x$
(%i3) odecv(x=exp(t),eq,y,X):;
(%03) Jii, -3 493, +3 Ag, —v=%et
: dt3y dt2y dt Y=

(%14) odeL(%,y,t);

t3 pet
(%04) y=1t2%etC3+t et C2+%et Cl+—

(%15) sol:subst(t=log(x),%);

| 3
(%05) y=x log(x ¥ C3+x 1og(x)C2+X c1+xog(x)

2. (1 +xM2)y"" + xy" +y =0
(%i6) eq: (A+x"2)*"diff(y,x,2)+x*"diff(y,x)+y=0%

(%17) trans(eq):=block(
coeff(lhs(eq), "diff(y,x))/coeff(lhs(eq), "diff(y,x,2)),
t=radcan(integrate(exp(-integrate(%%,x)),x)))$

(%18) i1tr:trans(eq); tr:solve(itr,x)[1];
(%08) t=asinh(x)
(%09) x=sinh(t)

(%i110) odecv(tr,eq,y,X);
d2

%010) ——y+y=0

(%010) dtzy y

(%i11l) ode2(%,y,t);
(%011) y=%kl sin(t)+%k2 cos(t)

(%i112) sol:subst(itr,%);
(%012) y=%k1l sin(asinh(x))+%k2 cos(asinh(x))
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7 3. YTt - yT/X + 4AxN2y = 0
7 (%i13) eq:"diff(y,x,2)-1/x*"diff(y,x)+4*x 2*y=0$

7 hil4) Ptrit=x"2; trix=sqre(t);
(%014) t=x2
| (%015) x=+t

7 (wi16) odecv(t=x"2,eq,y,X);

2
(%016) 4 t d—y +4ty=0
i d t2
7 (%i17) ode2(%,y,t);
| (%017) y=%K1 sin(t)+%k2 cos(t)

7 (%i18) sol:subst(itr,%);
(%018) y =%kl sin(x2)+%k2 cos(x?)

K 4. kamke 3.74. A4AXN yTTT-A4AXN3 yTT o+ 4xN2 yt = 1
E (%i119) eq:4*x™M*"diff(y,X,3)-4*x"3*"diff(y,X,2)+4*x"2*"diff(y,x)=1$

7 (%i20) odecv(x=exp(t),eq,y,X);

i 3 2
Gio20) 4%et|- Ty |-16%et| -4 ylr16%et( L yl=1
dt3 dt2 dt

7 (%i21) eql:%/4/exp(t),expand;

| ds3 d2 d pe-t
%021) ——y-4| — vy |+4| —y|=
2D oY 4[dt2yj 4(dty) 4

7 (%i22) odelL(eql,y,t);

%e (3 t%ed3t-2)

(%022) y=t %e2tC3+%e2tC2+C1+ =

7 (%i23) subst(t=log(x),%),expand;
x2 log(x) 1
24 36X

(%023) y=x2 log(x)C3+x2 C2+C1+

? (%i24) y=collectterms(rhs(%),log(x),x);
1
(%024) y=x2 Iog(x)(C3+24j+x2 C2+C1-

36 X

7 (i25) sol:subst([C1l=%k1,C2=%k2,C3=%k3-1/24],%);

i 1
(%025) y=%k3 x2 log(x)+%k2 x2-36 +0%k1

X
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Function: dchange(tr,eq,y,Xx,new_func,new_var)
Makes the change tr:x=f(new_var) of independent variable Xx.

(%i1l) load(odes)$ load(contrib_ode)$

1. (@A-x"2)y"" - xy*" + n"2y =0

(»i3) eq: (A-x"2)*diff(y(x),Xx,2)-x*diff(y(x) ,x)+n"2*y(x)=0%
(%i4) assume(n>0)$

(%15) tr:x=cos(t); itr:t=acos(x);

(%05) x=cox(t)

(%06) t=acos(x)
(%i17) dchange(tr,eq,y(xX),X,y(t),t)$ eqgl:trigsimp(%);
(%08) d—zy(t)+ n2 Wt)=0

dt2

%i19) ode2(%,y(t),t);
(%09) W(t)=%kl sin(n t)+%k2 cos(n t)

(%110) sol:dchange(itr,%,y(t),t,y(xX),Xx);
(%010) W(x)=%k1l sin(n acos(x))+%k2 cos(n acos(x))

2. Xy"" +y*/2-y =0
(%ill) eq:x*diff(y(x),x,2)+diff(y(x),x)7/2-y(x)=0%

(%i12) tr:x=t"2/4; itr:solve(%,t)[2];

2
%012 =
(%012) x 2

(%013) t=2-/x

(%114) eql:dchange(tr,eq,y(x),X,y(t),t),ratsimp;
d2

(%014) ——Wt)-Wt)=0
d t?

(%i115) ode2(%,y(t),t);

(%015) y(t)=%k1l %et+uk2 et

(%116) sol:dchange(itr,%,y(t),t,y(xX),X);
(%016) Y(x)=%K1 %e2 X +yk2 pe~2~/x
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3. xM2y"t - 2xy" + 2y = x"5*1og(x)
7 (®i17) eq:x " 2*difF(y(X),Xx,2)-2*x*di FF(y(x) ,x)+2*y(x)=x5*log(x) ;

(%017) X2 (dd; y(x)j—z X (ddx y(x))+2 Y(x)=x> log(x)

7 (%i18) tr:x=exp(t); itr:solve(®%,t)[1];
(%018) x=%et
(%019) t=log(x)

7 (i20) eql:dchange(tr,eq,y(x),x,y(t),t);

2
(%020) ddt2 w(t)-3 (ddt y(t))+ 2yWt)=tY%e®t

7 (wi21) ode2(%,y(t),t);
(12 t-7)%e>t

+0 % 2t % t
144 k1 %e k2 %e

(%021) YW(t)=

7 (%i22) sol:dchange(itr,%,y(t),t,y(x),Xx);
x2 (12 log(x)-7)
144

(%022) W(X)= +06k1 X2 +%k2 X

4. kamke 2.284

(%i24) tr:x=(%e~t-1)/2; i1tr:solve(tr,t)[1];
_%et-1

)

(%025) t=loy(2 x+1)

d
K (%i23) eq: (2*x+1)N2*difF(y(X),X,2)-2*(2*x+1)*difF(y(X),x)-12*y(x)=3*x+1$
7

(%024) x

7 (%i26) eql:dchange(tr,eq,y(x),X,y(t),t);

%026) 4 d g d 12 —3(%et_1)+1
(%026) ﬁy(t)— (dty(t)j_ y(t)—f

7 (wi27) ode2(eql,y(t),t);

9 %et-4

(%027) y(t)=%k1 %e3 t- +9%k2 %e~t

7 (wi28) sol:dchange(itr,%,y(t),t,y(x),x);
wk2 9(2x+1)-4
2x+1 96

(%028) W X)=%k1(2 x+1)>+

7 i29) y(x)=map(factor,rhs(sol));

%k2 18 x+5
%029 =9 +1)°+ -
(%029) W x)=%k1(2 x+1)> il 96
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5.

(%i30) eq:diff(y(x),x,2)-diff(y(x),x)+exp(4*x)*y(x)=0;

d? d
(%030) —— W(X)-—— (X)+%e? X y(x)=0
d x? d x

(%i31) tr:x=log(t)/4;
(%031) x= 'Oi(t)

(%i32) itr:solve(tr,t)[1];
(%032) t=%e4 X

(%133) eql:dchange(tr,eq,y(x),Xx,y(t),t);
2

d d
(%033) 16 t2 (dtz y(t)J+ 12 t (dt y(t)j+t w(t)=0

(%i34) eq2:subst(y(t)=y,eql);
d2 d
2 o —_
(%034) 16 t (d 2 yj+ 12t (d t yj+t y=0

(%i135) contrib_ode(eq2,y,t);

1 t 1 t
(%035) [y= bessel_y(4 , f} wk2 t1/8+pesse I_i(4 , f} %kl t1/87]

(%i136) sol:subst(itr,%[1]);

%he? X %he2 X

1 1
(%036) y=Dbesse I_y(4 , J wk2 %e*’/2+pesse 1] (4 ,

j%kl %eXx/2
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- odeC

Function: odeC(eq,r,Xx)
Solves ODE in respect to expression r.

Examples:
(%il) load(odes)$

1. Bernoulli differential equation

"N I’N TN TN N

(0i2) eq: "diff(y,x)+2*y/(x+1)=2*sqrt(y)/(x+1);

d 2y 24y
%02 + =
(%02) dxy Xx+1 x+1

7 (%i3) odeC(eq,sqrt(y).x);
%
(0/003) W: X C

+
Xx+1 x+1

N

(%14) ode2(eq,y,X);
(%04) -log(y - 1)=log{x+1)+%c

2. boj 360.

"N TN

(%15) eq:x*"diff(y,x,3)-"diff(y,x,2)-x*"diff(y,x)+y=-2*x"3;

(%05) X d° 9 %[ 9 yley=-2x3
o 3V g Y M laxY)yE

7 (%i6) odeC(eq, "diff(y,x,2)+y,X);
2
@m6)—g—y+y:2y—x3+%cx
d x2

7 (Wi7) ode2(%,y,X):
(%07) y =%kl %eX+%k2 %e~X+x3+(6 - %c)X

7 (%i8) sol:subst(%c=6-%k3,%);
(%08) y=%k1 %eX+%k2 %e~X+x3+%k3 x

3. sam 4.35.

7 (19) eql:tdiff(x,t)=y+z$
eq2: "diff(y,t)=x+z$
eq3:"diff(z,t)=x+y$

7 (wi12) odeC(eql+eq2+eq3,x+y+z,t)$
sl:subst(%c=3*C1,%);

(%013) z+y+x=3%e2tC1
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7 (%i14) odeC(eql-eq2,y-x,t)$

I s2:subst(%c=3*C2,%);

_ (%015) y-x=3%e-tC2

7 (%i16) odeC(eq2-eq3,z-y,t)$
s3:subst(%c=3*C3,%);

(%017) z-y=3%e-tC3

?7(%i18) sol:solve([sl,s2,s3],[X%,Y.z])[1].expand;
(%018) [x=-%e-tC3-2%e-tC2+%e2tCl,y=-%e " tC3+%e"tC2+%e?2tCl,z=2
 %etc3+he tC2+%e2tCl]

~ Test:

(%119) subst(sol,[eql,eq2,eqg3])$
ev(%, nouns)$
makelist(rhs(%[k])-1hs(%[k]),k,1,3);
(%021) [0,0,0]

4. Filipov 65.
7 i22) eq: diff(y,x)=sqre(4*x+2*y-1);

| Coz2) ddxy:«/z y+4x-1

7 (%i23) ode2(eq,y,x);
. (%023) false

E’(%i24) load(contrib_ode)$

7 (®i25) contrib_ode(eq,y,x);
Is p positive, negative or zero?p;
-8 log(W2y+4x-1+2)+4+2y+4x-1-4x+1

(%025) [- 4

=%c ]

7 (%i26) odeC(eq,2*y+4*x-1,X);

- (%026) -2 1og(N2y+4 X-1+2)+2y+4 X-1+2=x+%C




solvet._wxm
solvet

Function: solvet(eq,Xx)

Returns rectform solution of polynomial equation.

In “casus irreducibilis™ give real solutions expressed
in trigonometric functions.

{f One version of "solvet" 1is:

7~ (Wil) solvet(eq,x):=block([polf,spr,k],
spr:solve(eq,x),
polTt(x):=block([rx],
rx:rectform(x),
it freeof(%i,x) or atom(x) or
freeof(sin,rx) then return(rx) else
map(polarform,x),
rectform(%%),
trigsimp(%%),
trigreduce(%%)),
makelist(x=polf(rhs(spr[k])).k,1,length(spr)),
sort(%%)
$

Examples:

"N TN

(%i12) solvet(xX"3-3*x"2+1,X);

S 7
(%02) [X:2003C3+1,X=2cos(;ﬂ+1,x:2003(;j+1]

N

(%13) solvet(XN6-3*X"N5-3*XNM+12*XN3-3*X"N2-6*X+2=0,X) ;
2 4 8
(%03) [le,le—J@,xzdS#l,x:Zcms(;j,x:ZCos[;j,x:ZCOS(Jj]

7 (Wid) solvet(x"3-15*x-5,%);

atan(~/19) 2 atan(~/19) 2
(%04) [xzzﬁcos( ng ) 3TEJ,X:2\/€COS( n(3 )+ ;],X:ZE
(atan(«/lg)]
cos| —— 2777
3
7 (%i5) solve(x"3-15*x-5,x);
5[J§%i 1]
0 J3'wi 1)(519'%i 5)7/°3 2 2 NEXTHE
(o) Ix={——%—=5 )2 *2) * 372 T2
5/19'%i 5
2 2
5(_«ﬁ?%i_1j
5019 %i 5)7°3 2 T2 5019 i 5)/3 5
5 * 737 %7 5 * 1/3]
2 2 (SAJlg %i+5)1 2 2 (5AJ19 %i+Ej
2 2 2 2

17

1
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Function: odel ic(eqn, dvar, ivar, ic)

The function odel ic solves an ordinary differential equation(ODE)
of first order with initial condition y(x0) = yO.

Here i1c 1s list [x0,y0].

Examples:

(%il) load(odes)$

1. xM2y*"+3xy = sin(xX)/x, y(pi) = 0.

(%i12) odel ic(x"2* diff(y,x) + 3*y*x = sin(X)/X,y,X, [%pi,0]);

+1
(%02) y= _COS();)
X

2. (yMetyt2x)y" =y, y(0) = 1.
(%13) eq:(y™M*exp(y)+2*x)*"diff(y,x)=y$
(%i4) odel_ic(eq,y,X,[0,1]);

(y3—y2)%ey—X_O

(%04) 5
Yy

(%15) solve(®%,Xx);
(%05) [x=(y3-y?)%eY]

3. xy" +vy = 2y™"2log(x), y(1)=1/2.
(%i6) eq:x*"diff(y,x)+y=2*y"2*log(x)$
(%17) odel ic(eq,y.X,[1,1/72]);

(%o7) yzm
4. (xX"N2-1)y" + 2xy™2 =0, y() = 1.
(%18) eq:(x"2-1)*"diff(y,x)+2*x*y"2=0%
(%19) odel_ic(eq,y,X,[0,1]);

1
(%09) y=
log(1-x2)+1

1
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ode2 1c

The function ode2_ic solve an ordinary differential equation(ODE) of second order

Function: ode2_ic(eqn, dvar, ivar, ic)
with initial conditions y(x0) = yO0, y'(x0) = y1. Here ic is list [x0, yO, y1].

" Examples:

~ (%i1) load(odes)$

71yt 4 yy3=0, y(0)=0, y'(0)=2

7 i2) eq:tdiff(y,x,2) + y*"diff(y,x)"3 = 0%

(%13) sol:ode2 ic(eq,y,X,[0,0,2]);

1/3 1
(%03) y=(19 x2+1+3x) - 13
(V9 x2+1+3x)

K Test:

7 (%i4) ev(rhs(sol),x=0);
(%o4) O

7 (Wi5) diff(rhs(sol),x)$ ev(%,x=0);
(%06) 2

7 (Wi7) subst(sol,eq)$
ev(%, nouns)$
radcan(%) ;

(%09) 0=0

KZ.WZl%WN&ﬂmzlyﬂD:&
” (%i10) eq:"diff(y,x,2)=128*y"3$

(%i11) ode2_ic(eq,y,.X,[0,1,8]);
(%011) y=-

8x-1
K 3. y" +y =1/cos(x), y(0)=1, y'(0)=0.
7 %i12) eq:"diff(y,x,2)+y = 1/cos(x)$

(%113) sol:ode2 ic(eq,y,X,[0,1,0]);
(%013) y=cos(x) log(cos(x))+Xx sin(x)+cos(x)

171
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Function: P_iter(eq, X, y, x0, yO, n).
Solves first order differential equation using Picard iterative process.
http://www.sosmath.com/diffeqg/first/picard/picard.html

~ (»i10) load(odes)$

"~ Examples:

7 1. yt=xn2+yn2, y(0)=0

7 »i11) eq:"diff(y,x)=x"2+y"2$
7 (%i12) x0:0$ y0:0$

7 (wi14) for k:0 thru 3 do
I print(P_iter(eq,x,y,x0,y0,k))$
0
x3

3

x’ x3
A

63 3

15 2 x1l 57 3

+ +
59535 2079 63 3

2.yt =2x(L +y), y(0) = 0.
7 (%i15) eq: "diff(y,x)=2*x*(1+y)$
KY(%i16) x0:0% y0:0$

" (%i18) for k:0 thru 5 do
print(P_iter(eq,x,y,x0,y0,k))$

x6 x4 5

2 +7 4x

6 2

x8 x6 x4 5
RS AATIIN

24 6 2

XlO X8 X6 X4 5
2+ 2 4T 4x
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odeltaylor

Function: odeltaylor(eq, x0, yO, n).
Solves first order differential equation using Taylor-series expansion.

(%il) load(odes)$
1. y"=x+y"2, y(0)=1

(%12) eq:diff(y(X),xX)=x+ty(x)"2;
(#02) YO YXP+x

"N '\ TN N

N

(%13) odeltaylor(eq,0,1,6);

3x2 4x3 17x% 31x° 149 x6
(%03)/T/ 1+x+ + + + + +
2 3 12 20 90

2. y"=x"2+y"2, y(0)=0

(Wi14d) eq:difF(y(x),x)=x"2+y(x)"2;
(H04) YOO YXP+x2

"N TN

7 (%i5) odeltaylor(eq,0,0,15);

x3 x7 2x11 13 x1°
%o5)Y/T/ —+ —+ + + ..
(%05) 3 63 2079 218295

(%16) eq:diff(y(x),xX)=x-y(x)"2;
(H06)  YOOO=x-Y(xP

{f 3. y"=x-y™2, y(1)=-1
7

7~ (%i7) odeltaylor(eq,1,-1,5);

(x-1 (x-1) (x-1)* (x-1)
+ + + + ...

%o7)/T/ -1+
(%07)/T/ 3 . -
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ode2taylor

Function: ode2taylor(eq, x0, yO, yl, n).
Solves second order differential equation using Taylor-series expansion.

(%il) load(odes)$
Examples:

1. Airy"s Equation y""-xy=0, y(0)=1, y"(0)=0

"N I’N TN TN N

(wi2) eq: "diff(y(xX),%x,2)-x*y(x)=0;
(%02) OI—Zy(x)—x (x)=0
d x?2

7~ (%i3) ode2taylor(eq,0,1,0,15);
3 X6 O 12 N

%03)/T/ 1+
(%03)/T7 6 180 12960 1710720 359251200

15

Co20 yTt=(yT)M2+xy, y(1)=1, y"(0)=0
? (wi4d) eq"diff(y(x) X,2)="diff(y(x),x,1)"2+x*y(X);
(%04) 7),( )‘( y(X)j +X Y(X)

7~ (%i5) ode2taylor(eq,1,1,0,5);

-1 (x-1)° (x-1)* (x-1)
2 6 8 12

(%05)/T/ 1
-~ 3.
L

(%i16) eq:"diff(y(X),x,2)+x*"diff(y(x),x)+y(x)=0;

2
(%06) ddx2 YOXO+ X (ddx y(x))+ Wx)=0

7~ (%i7) ode2taylor(eq,0,0,1,15);
X3 X5 X7 X9 Xll X13 X15

(%07Y/T/ X="tm
3 15 105 945 10395 135135 2027025

7 (i8) sum((~1)n*27n*n1*xN(2*n+1)/(2*n+1)1,n,0,7);
%15 %13 11 %9 %7 x5 3

%08) - + - + - +———+X
(%08) 2027025 135135 10395 945 105 15 3
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odelexact

(%i1)

1.

(%i2)
(%02)

"N’ TN NN

7 (%i3)
(%03)

(%i4)
(%04)

7 (Wi5)
(%05)

(%i16)
(%06)

7 (%i7)
(%o7)

-~ 4.

(%i8)
(%08)

7 (%i9)

load(odes)$

Function: odelexact(eq)-
Solves first order exact equation.
http://www._.math24_net/exact-equations.html

Examples:

eq:2*x*y*dx+(x"2+3*y"2)*dy=0;
dy (3 y2+x2)+2 dx x y=0

odelexact(eq);
yS+x?y=C

eq: (6*x"2-y+3)*dx+(3*y"2-x-3)*dy=0;
dy (3y2-x-3)+dx(-y+6 x2+3)=0

odelexact(eq);
y3-xy-3y+2x3+3x=C

eq:exp(y)*dx+(2*y+x*exp(y))*dy=0;
dy (x %e¥Y +2 y)+dx %e¥=0

odelexact(eq);
x %eY +y?=C

eq: (x*dx+y*dy)/sqrt(x"2+y"2)+(x*dy-y*dx)/x"2=0;
dyy+dxx+dyx—dxy_O

ly2+x2 x2

odelexact(eq);

(%09) y2+xZ+7=c

171
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intfactorl

Function: intfactor(eq, omega).
Find intfactor mu = mu(omega) of the first order differential equation.
http://www.math24 _net/using-integrating-factor._.html

Examples:
(%il) load(odes)$
1.

(%i2) eq:(1+y"2)*dx+x*y*dy=0%

"N TN PN TN N

(%13) i1ntfactorl(eq,Xx);
(%03) x

N

(%14) odelexact(eq*%);

22 2
X%y X
+—=C
2 2

(%04)

2.

(%i5) eq: (X*yN2-2*y"3)*dx+(3-2*x*y"2)*dy=0%

"N’ TN

(%i6) intfactorl(eq,y);

1
(%06) —
y

N

(%17) odelexact(eq*%);
(%o7) -2 X §—+1(3—C
o y y 2T

3.

(%i8) eq:y*dx+(x"2+y"2-x)*dy=0%$

"N’ TN

(%i19) odelexact(eq);
(%09) false

7 (®i10) intfactorl(eq,Xx2+y"2);
1

y2+x2

(%010)

7 (®i1l) odelexact(eq*%);

(%0l1l) y+ atan@): C
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d

4.

7 (%i12) eqzx*y*dx+(2*x 2+3*y 2-20)*dy=0$

"N N NI

e

e

(%i13)
(%013)

(%i14)

(%014) —+

5.
(%i15)
(%i16)

(%016)

(%il7)

(%017)

Other

(%i18)
(%018)

(%i19)

(%i20)
(%020)

(%i21)

intfactorl(eq,y);
y3

odelexact(eq*%) ;
y6 x2y4

_ 4_
5 5 5y*=C

eq: (XN2*y"3+6*yN5) *dx+(2*xXN3*y"N2+12* x4 ) *dy=0%

intfactorl(eg/y,x*y);
1

x4y

4

odelexact(-eq/y*%);
1 3 2
+
method:

mu :Xx~a*y”b;
Xayb
difF(mu*(x"2*y"3+6*y"5),y)=d i FF(mu* (2*x"3*y"2+12*x"4) ,x)$

factor(lhs(%)-rhs(%));
x2yP(6by4+30y4+bx2y2-2ax?y2-3x2y2-12 ax3-48 x3)

collectterms(%/mu,x,y);

(%021) (6 b+30)y*+(b-2a-3)x2y2+(-12 a-48)x3

%i22)

(%023)

solve([coeff(%,y™4),coeff(%,x 2*y"2),coeff(%,x"3)],[a,b]);

- solve: dependent equations eliminated: (2)
. (w022) [[a=-4,b=-5]1]

7 (%i23) "mu=subst(%[1],mu);

M_x4y5

2/ 2
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- odelL

Function: odeL(eqgn, dvar, ivar)
The function odeL solves an linear ODEs with constant coefficients.

" Examples:
” (%il) load(odes)$ load(contrib_ode)$
S Lym-2yt+y =0
7 (%i3) eq:"diff(y,x,3)-2*"diff(y,x,2)+"diff(y,x) = 0%
E (%i4) odel(eq.y,x);
(%04) y=x %eX C3+%eX C2+C1
2.y + 8y + 16y = X exp(3X) + SiN()2 + 1
K (i5) eq:"diff(y,x,4)+8*"diff(y,Xx,2)+16*y=x*exp(3*x)+sin(x)"2+1$
7 (%i6) sol:odelL(eq,y,x);
(%06) y=xsin(2 x)C4+sin(2 x)C3+x cox((2 x)C2+cosx(2 x)C1+

2197 x2 cos(2 x)+(832 x - 768) %e3 X+ 13182
140608

7~ (Wi7) ode_check(eq,sol);
(%07) 0

K 3. y"-3y" + y = sin(x)"3.
7 (%i8) eq:"diff(y,x,3)-3*"diff(y,x,2)+y=sin(x)"3;

ds3 d? ¥
%08) ——vy-3|——Vy|[+y=sin(x
(% )dxsy Yty nC

7 (%i9) solvet(k"3-3*k"2+1=0,k);
57; 77‘C I
(%09) [k=2cos 9 +1,k=2 cos 9 +1,k=2 cos 9 +17]

~ (%i10) sol:odelL(eq,y,X);

7 5
2 cos(n) X+ X 2 cos(nj X+ X 2 cos(n) X+ X
(%010) y=%e ° C3+%e ° C2+%e 9 Cl-

28 sin(3 x)+27 cos(3 x)-1068 sin(x)-267 cos(x)
6052

” (wi1l) ode_check(eq,sol);
 (%oll) O

17

1
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K Function: odeL ic(egn, dvar, ivar, ic)

The function odeL_ic solves initial value problems for linear ODEs with constant coefficients.

K Examples:

” (%il) load(odes)$ load(contrib_ode)$

K 1.y" +y"=x+exp(-x), y(0) = 1, y'(0) = 0, y"(0) = 1.

7 i3) eq: diff(y,x,3)+ "diff(y,x,2)=x + exp(-X);

| d3 d2

%03) ——_y+
*03) 3y

q ;Y =%he™X+x
X

7~ (Wi4) odelL_ic(eq, vy, x, [0, 1, 0, 1]).expand;
3 2
(%04) y=x %e~X+4 %e-X+%-X7+3 x-3

7 2. yy=8rexp(x), y(0)=0, y'(0)=2, y"(0)=4, y"'(0)=6.
7 (%i5) eq:"diff(y,x,4)-y=8%exp(x);

d4
(%05) —— y-y=8 %eX
d x4

~ (%i6) odel_ic(eq, y, x, [0, 0, 2, 4, 6);
(%06) y=2 x %e*

K 3. y"™ -y =0,y(0)=0, y(0)=1, y*(0)=0, y"(0)=1, y™(0)=2.
7

®i7) eq: diff(y,x,5)-"diff(y,x)=0;
d® d
0 /- \y=
%o7) x5y axY 0
7~ (%i8) sol:odel_ic(eq,y,x,[0,0,1,0,1,2]);
(%08) y=cos(x)+%e*-2

K Test:
4

(%19) ode_check(eq,sol);
(%09) O

7 (wi10) makelist(diff(rhs(sol),x,k),k,0,4)$
ev(%,x=0);
(%o11) [0,1,0,1,2]

171
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. S

Function: fs(eq, v, X).
Find fundamental system of solutions of the linear n-th order differential equation with constant coeficients.

Examples:
(%il) load(odes)$

1.

"N TN TN N

(%12) eq: "diff(y,x,3)+3* diff(y,x,2)-10*"diff(y,x)=x-1;
o2y y+3[ @ ylio[ 9 ylx-1
0 (jx3y (szy dx” )
7 (%i3) fs(eq,y.x);
(%03) [1,%e 2%, %e2X]

7 (%i4) odelL(eq,y,x);
5x%x2-7 x

(%04) y=%e? X C3+%e~°>XC2+C1- 100

’ 2

(%15) eq: "diff(y,x,4)+8* "diff(y,X,2)+16*y=x"2*exp(xX)*sin(x);

(0/05)0'—4 +8 a2 +16 y=x2 %eX sin(x)
' dx4y dx2y y= ;
7 (%i6) Fs(ed,y,X);

(%06) [coH(2 x),Xx coA(2 x),sin(2x),xsin(2x)]

7 (Wi7) sol:odelL(eq,y,X);
(%07) y=xsin(2 x)C4+sin(2 x)C3+x cox((2 x)C2+cosx(2 x)C1+
(75 x2-260 x+268)%e* sin(x)+(-100 x2+180 x+26)%e* cos(x)
2500

!
7 (%i8) eq:"diff(y,x,8)+ diff(y,x,2)=x"5%

(%i9) solvet(k"8+k"2=0,k);

%I ~/3 i ~/3 ~3 % i ~/3
%09) [k=%i, k= -2 k=202 =g, k=0 =
2 2 2 2 2 2 2 2

,k=01
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7 i10) Fs(ed,y,x);
_@X ~3'x _\/?X ~/3'x
(%010) [1,x,%e 2 cos(;j,%e 2 cos(zj,%e 2 sin(zj,%e 2 sinC;L

' cos(x), Sin(x)]

7 (%i11) sol:odelL(eq,y,X);

3% REE 3 x
(%011) y=sin(x)C8+cox(x)C7+%e 2 sinC3C6+%e 2 sinC3C5+%e 2
J3'x
X - X x 7 -5040 x
cos(:)c4+%e 2 cos(:jC3+»<C2+C1+
2 2 42

E Test:

"~ (%i12) load(contrib_ode)$

(%113) ode_check(eq,sol);
(%013) O

’oa

7 (%il14) eq: diff(y,x,6)-3*"diff(y,x,5)-3*"diff(y,x,4)+12*"diff(y,x,3)
=3*"diff(y,x,2)-6*"diff(y,x,1)+2*y=2*x"7+sin(x)""3;

6 5 4 3 2
(%o14) dy—3(dyJ—3[d4yJ+1Z£ d 3y]—3(dyj—6(dy)+2 y:sin(x)3+

d x6 d x° d x d x d x2 d x

2 x’

7 (%i15) Fs(eq,y,X);

I 2 cos(2 nj X 2 003(4 nj X 2 cos(8 nj X

. (%015) [%e* , %e ° , %e 9 , %e 9 ’%ex—«/?x’%e@ X+X7]

"~ (%i16) sol:odelL(eq,y,x)$

7 (wi1l7) expand(%);

| 2005 5] g )
COosS|— (X COsS|— (X
h017) y=%e3 X+X C6+%eX 3 X C5+ye 9 )" Ca+ue °)" c3+

943 sin(3 x) 1071 cos(3 x)+3 sin(x)+ 63 cos(x)+
8145160 8145160 1768 1768
| 441 x5+6300 x*+74970 x3+644490 x2+3734010 x+10735200

K Test:

(%i118) ode_check(eq,sol)$
trigreduce(%)$
trigrat(%);

(%020) O

2 cos(jx
%e 9/ C2+%eXCl+ x7+21 x5+
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partsol

Function: partsol(eq, vy, X).
Find partial solution of the linear n-th order differential equation
with constant coefficients.

Examples:

(%il) load(odes)$

1.

(%i2) eq:"diff(y,x,3)+3*"diff(y,x,2)-10*"diff(y,x)=x-1;

ds d? d
0 - —_ I - —_
(%02) g y+3( y y] 10(dxyj x-1

NN TN TN N

7 (%i3) partsol(eq,y,X):
5x2-7
T
7 (%i4) odelL(eq.y,X);

5x2-7 %

(%04) y=%e?X C3+%e~°>XC2+C1- 100

Co2.

L (%15) eq: "diff(y,x,4)+"diff(y,x,3)-3*"diff(y,x,2)-5*"diff(y,x)-2*y=
exp(2*x)-exp(-x);

(%05) o + d 3 - 5(-9 y]-2 y=te2 x_pe-x
0 q Y dx3y dx2y de y=" 0

7 (%i6) partsol(eq,y,x):
%e X (2 x %e3X+3 x3+4 x2+2 x)

0
(%06) 7

7 (Wi7) odeL(eq,y,X);
(%07) y=%e2X C4+x2 %he X C3+x %e~ X C2+%e~X C1+
%e X(2 x %e3X+3 x3+4 x2+2 x)
54

7 (%i8) expand(%)$

(%19) y=collectterms(rhs(%),exp(-x),exp(2*x));

3 2x2 x
0 =ype2 X + X |+ge-x| x2 c3+ 4L+ 4o
(%09) y=%e (C4 27j e [x C3+x C2+C1 8 27 T27



partsol .wxm 2/ 2

-~ 3.

~ (%i10) eq:"diff(y,x,3)+"diff(y,x,1)=1/cos(x)$

7 (%i11) partsol(eq,y,x):
i (sin(x)—l) )
o] -2 sin(x) log(cos(x))+2 x cos(x)

i 1
(%o11) sin(x)+

2
7 (»i12) sol:odelL(eq,y,x);

sin(x)+1

(sin(x)—lj i
o] -2 sin(x) log(cos(x))+2 x cos(x)
(%012) y=sin(x)C3+cox(x)C2+C1-

2
~ Test:
” (%i13) load(contrib_ode)$

(%il4) ode_check(eq,sol);
(%014) O

-~ 4.

7 (wi15) eq: "diff(y,x,3)+8*"diff(y,x,1)+9*y=cos(x)"3;
d3 d
(%015) ﬁy+8 (dx yj+9 y= cos(x)3

7 (wi16) partsol(eq,y,X):
13 sin(3 x)-39 cos(3 x)-63 sin(x)-81 cos(x)

%016
| (ho18) 1560
7 (%i17) sol:odelL(eq,y,X);
547 547
(%017) y=%eX/2 sinﬁﬁzﬂj C3+%eX/2 cosﬁﬁzﬂj C2+%e X C1l-

13 sin(3 x)-39 cos(3 x)-63 sin(x)-81 cos(x)
1560

~ Test:
"~ (%i18) load(contrib_ode)$

(%119) ode_check(eq,sol);
(%019) 0O
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- odeM

Function: odeM(A,F,t)

Find solutions of linear system of ODEs
with constant coefficients in matrix form:
Y* = AY + F

Examples:
(%il) load(odes)$
1. Y® = AY + F.

(%i2) A:matrix([1,1].[4.1]);
11

NN TN TN N

(%02)

4 1
7 (i3) F:transpose([t-2,4*t-1]);

%03 t-2
(%03) 4t-1

7~ (%i4) sol:odeM(A,F,t);

%e3 T ye-t %e3 T ye-t
- C2+ + Cl-t
4 4 2 2

(%04)
wed T ye-t
("ez +°'32 )C2+(%e3t—%e't)C1+1

Test:

(%i5) diff(sol,t)-A_.sol-F$
expand(%) ;

%06 0
(06) |

2. Y" = AY.

"N N NN

(%i7) A:matrix([2,0,-8,-3],[-18.-1,0,0]1.[-9,-3.-25,-9],[33,10,90,32]);
2 0 -8 -3
18 -1 0 0

%07
( ) -9 -3 -25 -9

33 10 90 32

~ (%i8) F:transpose([0,0,0,0])$
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7 (%i9) charpoly(A, x),factor;
(%09) (x2-4 x+13Y

7 (%i10) solve(%);
| (%010) [x=2-3 Wi, x=3%i+2]

” (%i11) odeM(A,F,t)$

7 (wi12) sol:ratsimp(%);

(%012)
(-3t-1)%e2tsin(3t)C4+((-9 t-3)%e2tsin(3 t)+t %e2t cos(3 t))C3
9 t+3)%e2tsin(3t)-9 t %e2tcos(3 t))C4+((24 t+10)%e2 tsin(3 t)-30 t %e? T cos(3 t))C3+(3 t ¢

-3%e2tsin(3 t)C4+(%e2 t cos(3 t)-9 %e2 tsin(3 t))!

(9 %e2tsin(3 t)+(3 t+1)%e2 t cos(3 t))CA+((t+27)%e2 tsin(3 t)+9 t %e2 t cos(3 t)) C3+(:

7 (%i13) sol[1,1];
(%013) (-3 t-1)%e2tsin(3 t)CA4+({(-9 t-3)%e? tsin(3 t)+t %e?t cos(3 t))C3-
t%e?2 tsin(3 t)C2+H%e?2 tcos(3t)-3 t %e? tsin(3 t))C1

7 (wi1ld) sol[2,1];

 (h014) (9 t+3)%e2 tsin(31)-9 t %e2 t cos(3 t))Ca+
(24 t+10)%e? tsin(3 t)-30 t %e? t cos(3 t))C3+
(3t%e?tsin(3 t)H(1-3t)%e?t cox(3 t))C2+

Q9 t-3)%e? tsin(3t)-9 t %e? t cox(3 t))C1

7 (%i15) sol[3,1];
(%015) -3 %e? tsin(3 t)C4+H(%e?t co(3 t)-9 %e? tsin(3 t))C3-%e2tsin(3 t)
C2-3%e?tsin(3 t)Cl1

7 (wi16) sol[4,1];

- (%016) (9 %e2 tsin(3 t)H(3 t+1)%e2 t cox(3 t))Ca+

((t+27)%e? tsin(3 t)+9 t %e? t cos(3 t))C3H3 %e? tsin(3 t)+t %e? t cosx(3 1))
C2+(10 %e? tsin(3 t)+3 t %e? t cosx(3 t))C1

~ Test:
7 (wi17) diff(sol,t)-A.sol$
| expand(®) ;

0

(%018)

0
0
0
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odeM _1c

” Function: odeM ic(A, F, t, t0, Y0)
Find solutions of initial problem for linear system of ODEs
in matrix form:

Y* = AY + F, Y(t0) = YO.

(updated version of odelinsys)

Examples:

(%il) load(odes)$

(%i2) A:matrix([2,-4]1.[2.-2D);

N

7 (Wi3) F:transpose([4*%e(-2*t),0]):
4 %e-2t
(%03) { ]

d
7 1. YT = AY + F, Y(0)=Y0
4

N

(%02)

N

0

7 (%i4) YO:transpose([0,0]);
(%o4)lol

0

7 (%i5) sol:odeM_ic(A,F,t,0,Y0);

2sin(2t)
(%05) { ]

sin(2 t)-cos(2 t)+%e-2t

Test:
(%i6) diff(sol,t)-A_sol-F$ expand(®%);

0
(%o7) {

"N TN

0

7 (%i8) ev(sol,t=0);

%08) |
(%08) | |
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K 2. YY" =AY, Y(O)=transpose([15,35,55,75]).-

7 (%i9) A:matrix([4,1,1,71,[1,4,10,1],[1,10,4,1],[7,1,1,41);
4 1 1 7]
4 10 1

1
%09
( ) 110 4 1
5

1 1 4

" (%i10) F:transpose([0,0,0,0])$

7 (®i11) YO:transpose([15,35,55,75]);
e
35

(%011)
55

75

7 (wi12) charpoly(A, x),factor;
(%012) (X-15XX-10 X x+3 X x+6)

7 (%i13) sol:odeM ic(A,F,t,0,Y0);
27 %el5t+18 %el0 t_30 ye-3t

( ) 54 %el5t_9 0el0t_10 ye-6t
%013
54 %el5t_9 0el0t4+10 ye-6t

27 %el5t+18 %el0 t+30 ye-3t

~ Test:
7 (wi1a) diff(sol,t)-A_sol$
expand(%) ;

0

(%015)

0
0
0
7 (»i16) ev(sol,t=0);
e
35
(%016)
55
75
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matrix_exp

” Function: matrix_exp(A,t)
Returns matrix exponential e™(At)
computed via Laplace transforms.

7 (Wil) matrix_exp(A,r):=
block([n,B,s,t,Lap,f],
n:length(A),
B:invert(s*ident(n)-A),
Lap(F):=ilt(f, s, t),
matrixmap(Lap,B),
subst(t=r,%%))$

Examples:

1.

"N '\ TN

(%wi2) Ammatrix([1,1],[0,1]D);

11
(%02)

01

7 (i3) matrix_exp(A,t);
%et t Y%et
(%03) { ]

0 %et

(%id) en"A=matrix_exp(A,1);

A %e %e
(%04) e”=
0 %e

(%15) A:matrix([21,17,6],[-5,-1,-6],[4.4,16]);

"N TN
N

21 17 6
(%05) |-5 -1 -6
4 4 16

7 (%i6) er"A=matrix_exp(A,1);

13 %elb %e4 13 el 5yed %el6 ye4

4 4 4 4 2 2
(%06) eP= we4 ouel® S5ued 9%eld ued yelb
4 4 4 4 2 2

4 %e16 4 %el6 %e 16
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odel Insys

Function: odelinsys(A, F, x, x0, YO0)
Find solutions of initial problem for linear system of ODEs
in matrix form: Y* = AY + F, Y(x0) = YO.

(%il) load(odes)$ load(diag)$
Examples:

1. Solve Y" = AY + F, Y(0) = YO
(%i3) A:matrix([1,3].[-1.5]):;

1 3
-1 5

(%i4) F:transpose([-X,2*x])$ YO:transpose([3,1])$

(%03)

"N N NN TN TN N

(%16) sol:odelinsys(A,F,x,0,Y0);
7 %e4X 15%e2X 11x 29
+ + +

32 8 8 32
(%06)
7 %e4X 59%e2X x 5
+ -t
32 8 8 32
Test:

(%i7) diff(sol,x)-A.sol-F,expand;
%07

0
Co7)

2. Solve Y™ = AY

"N N NN

(%i8) A:matrix([4,-1,0],[3,1,-1],[1,0,1]);

4 -1 0
(%08) |3 1 -1
1 0 1

7~ (%i9) sol:odelinsys(A,[0,0,0],t,0,[C1,C2,C3]),factor;

%e2 t(t2C3-1t2C2-2tC2+t2Cl+4tC1+2Cl)
2

(%09) %e2t(t2C3-tC3-1t2C2-tC2+C2+t2C1+3 tCl)

%e2 T(t2C3-2tC3+2C3-1t2C2+t2C1+2 tCl)
2
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wronskian

Function: wronskian ([f_ 1, ..., f_n], X)
in the variable x.

(%il) load(odes)$

Examples:

1.

NN TN TN N

i12) Wronskian([f(x),g(x),hﬁx)],x);
1{€9) g(x) h(x)

d d d
(%02) Hf(x) Hg(x) Hh(x)

d? d? d?

axz 0 g2 900 42 "0

2. Form a linear homogeneous differential equation,
knowing i1ts fundamental system of solutions:
yl=x, y2=x"3.

7 (%i3) depends(y,X);
(%03) [Y(x)]

7 (%i4) wronskian([x,x*3,y],%);

x X3 y |
1 3x2 Agfy

(%04) d x

d2
Yy
d x2

0 6X

7 (%i5) determinant(%)=0;
(%05) x|3x2 L ylex[ Lyl y e xy=0
° dx2” dx” ax2” .

7 (Wi6) eq:expand(%/x/2);

2
(%06) x2 [ddxz y]—S X (ddxyj+3 y=0

7 (%i7) ode2(eq,y,X);
(%07) y=%k1 x3+%k2 x

Returns the Wronskian matrix of the list of expressions [T 1,

171

., T.n]



References:
1. http://maxima.sourceforge.net/

2. Kamke, E., 1944. Differentialgleichungen. Losungsmethoden und Lo-
sungen. AkademischeVerlagsgesellschaft, Leipzig.
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